
 

 

 
 

(30)   8.8   Improper Integrals (B) 
 

Example  1  
Determine if the improper integral න ଶݔ√ଶݔݔ݀ − 1ଷ

ଵ  

is convergent or divergent. Find its value if it is convergent.                       

Solution ܫଵ = න ଶݔ√ଶݔ1 − 1  ݔ݀

ݔ  = sec ݔ݀ ߠ = sec ߠ tan ߠ sec ߠ݀ ߠ =   1ݔ

ߠ = secିଵ  ݔ

ଵܫ  = න 1secଶ ߠ √secଶ ߠ − 1 sec ߠ tan ߠ ߠ݀   = න 1secଶ ߠ tan ߠ sec ߠ tan ߠ =     ߠ݀   න 1sec ߠ ߠ݀  = න cos ߠ ߠ݀ = sin ߠ + ܿ = ଶݔ√ − ݔ1 + ܿ 

ܫ  = න ଶݔ√ଶݔݔ݀ − 1ଷ
ଵ = lim௧→ଵశ න ଶݔ√ଶݔݔ݀ − 1ଷ

௧ = lim௧→ଵశ ቈ√ݔଶ − ݔ1 ቉௧
ଷ = lim௧→ଵశ ቈ√9 − 13 − ଶݐ√ − ݐ1 ቉ = √ 8 3 − 0 = √ 8 3  convergent ܫ 

 

Example 2 *       37  August 7, 2010

 Determine whether the improper integral න 1 + 2 cos ݔݔ + 2 sin ݔ − ݔ1 గݔ݀
଴  is convergent or 

 Divergent, and find its value if it is convergent (3 points)

Solution ܫଵ = න 1 + 2 cos ݔݔ + 2 sin ݔ − ݔ1 ݔ݀   = ln|ݔ + 2 sin |ݔ + ln|ݔ| + ܿ = ln ฬݔ + 2 sin ݔݔ ฬ + ܿ 

ܫ = න 1 + 2 cos ݔݔ + 2 sin ݔ − ݔ1 గݔ݀  
଴ = lim௧→଴శ න ൬1 + 2 cos ݔݔ + 2 sin ݔ − ൰ ݔ1 గݔ݀ 

௧ = lim௧→଴శ ൤ln ฬݔ + 2 sin ݔݔ ฬ൨௧
గ

 

= lim௧→଴శ ൤ln ฬߨ + 2 sin ߨߨ ฬ − ln ฬݐ + 2 sin ݐݐ ฬ൨ = lim௧→଴శ ൤ln ฬߨ + 2 sin ߨߨ ฬ − ln ฬݐ + 2 sin ݐݐ ฬ൨ = ln ฬߨ + 2 sin ߨߨ ฬ − lim௧→଴శ ൤ln ฬݐ + 2 sin ݐݐ ฬ൨ = ln ቀߨߨቁ − lim௧→଴శ ൤ln ฬ1 + 2 ∙ sin ݐݐ ฬ൨ = 0 − ln 3 = − ln 3 

 

   1  

ݔ ඥݔଶ − 1θ 
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ଵܫ = නݔଶ ଶݔ1+ ݔሺܣ+ +at   ݔat   ݔ
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ܫ = න଴ܫଶ ଶ divܫ=
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න ଶݔݔ݀ + ݔ ݔ− − 6 = ሺݔ1ݔ − 6 = ሺݔ+ 3ሻ + =ݔሺܤ 2             = −3         
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Example  4 
Determine if the improper integral න ଶሺ1ݔ − ሻଶଷݔ ଶݔ݀

ିଶ  

is convergent or divergent. Find its value if it is convergent.                       
Solution ܫଵ = න ଶሺ1ݔ − ሻଶଷݔ  ݔ݀

Let     ݑ = 1 − ݔ       →             ݔ = 1 − ݔ݀         →         ݑ = ଵܫ ݑ݀ = න ሺ1 − ଶଷݑሻଶݑ ݔ݀ = න ଶݑ − ݑ2 + ଶଷݑ1 ݔ݀ = න ൬ݑସଷ − ଵଷݑ2 + ଶଷ൰ିݑ ݔ݀ = 37 ଻ଷݑ − 32 ସଷݑ + ଵଷݑ3 + ܿ 

    = 37 ሺ1 − ሻ଻ଷݔ − 32 ሺ1 − ሻସଷݔ + 3ሺ1 − ሻଵଷݔ + ܿ 

ܫ = න ଶሺ1ݔ − ሻଶଷݔ ଶݔ݀
ିଶ = න ଶሺ1ݔ − ሻଶଷݔ ଵݔ݀

ିଶ + න ଶሺ1ݔ − ሻଶଷݔ ଶݔ݀
ଵ  

ଵܫ = න ଶሺ1ݔ − ሻଶଷݔ ଵݔ݀
ିଶ = lim௧→ଵష න ଶሺ1ݔ − ሻଶଷݔ ௧  ݔ݀

ିଶ = lim௧→ଵష ൤37 ሺ1 − ሻ଻ଷݔ − 32 ሺ1 − ሻସଷݔ + 3ሺ1 − ሻଵଷ൨ିଶݔ
௧

 

= lim௧→ଵష ൤൬37 ሺ1 − ሻ଻ଷݐ − 32 ሺ1 − ሻସଷݐ + 3ሺ1 − ሻଵଷ൰ݐ − ൬37 ∙ 3଻ଷ − 32 ∙ 3ସଷ + 3 ∙ 3ଵଷ൰൨ = − ൬37 ∙ 3଻ଷ − 32 ∙ 3ସଷ + 3 ∙ 3ଵଷ൰ ܫଵ convergent  ܫଶ = න ଶሺ1ݔ − ሻଶଷݔ ଶݔ݀
ଵ = lim௧→ଵశ න ଶሺ1ݔ − ሻଶଷݔ ଶ  ݔ݀

௧ = lim௧→ଵశ ൤37 ሺ1 − ሻ଻ଷݔ − 32 ሺ1 − ሻସଷݔ + 3ሺ1 − ሻଵଷ൨௧ݔ
ଶ
 

    = lim௧→ଵష ൤൬37 ሺ−1ሻ଻ଷ − 32 ሺ−1ሻସଷ + 3ሺ−1ሻଵଷ൰ − ൬37 ሺ1 − ሻ଻ଷݐ − 32 ሺ1 − ሻସଷݐ + 3ሺ1 − ሻଵଷ൰൨ݐ = − ൬− 37 + 32 − 3ଵଷ൰ ܫଶ convergent  

 convergent ܫ
Example  5 

Determine if the improper integral න 1݁௫ + ݁ି௫ ஶݔ݀
ିஶ  

is convergent or divergent. Find its value if it is convergent.                       
Solution ܫଵ = න 1݁௫ + ݁ି௫ ݔ݀ = න ݁௫݁௫ሺ݁௫ + ݁ି௫ሻ ݔ݀ = න ݁௫݁ଶ௫ + 1  ݔ݀

Let            ݑ = ݁௫                       ݀ݑ = ݁௫݀ܫ ݔଵ = න ଶݑ1 + 1 ݑ݀ = tanିଵ ݑ + ܿ = tanିଵ ݁௫ + ܿ 

ܫ = න 1݁௫ + ݁ି௫ ஶݔ݀
ିஶ = න 1݁௫ + ݁ି௫ ଴ݔ݀

ିஶ + න 1݁௫ + ݁ି௫ ஶݔ݀
଴  

ଶܫ = න 1݁௫ + ݁ି௫ ଴ݔ݀
ିஶ = lim௧→ିஶ න 1݁௫ + ݁ି௫ ଴ݔ݀

௧ = lim௧→ିஶ ൥tanିଵ ݁௫൩௧
଴ = lim௧→ିஶሾtanିଵ 1 − tanିଵ ݁௧ሿ = 4ߨ − 0 =  4ߨ

ଷܫ = න 1݁௫ + ݁ି௫ ஶݔ݀
଴ = lim௧→ஶ න 1݁௫ + ݁ି௫ ௧ݔ݀

଴ = lim௧→ஶ ൥tanିଵ ݁௫൩଴
௧ = lim௧→ஶሾtanିଵ ݁௧ − tanିଵ 1ሿ = 2ߨ − 4ߨ =  4ߨ

ܫ = ଶܫ + ଷܫ = 4ߨ + 4ߨ = 2ߨ  convergentܫ                  
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